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NEW INEQUALITIES OF OSTROWSKI'S TYPE FOR s CONVEX 
FUNCTIONS IN THE SECOND SENSE WITH APPLICATIONS 

ERHAN SET**, M. EMIN OZDEMIR", AND MEHMET ZEKI SARIKAYA* 



Abstract. In this paper, we establish some new inequahties of Ostrowski's 
type for functions whose derivatives in absolute value are the class of s-convex. 
Some applications for special means of real numbers are also provided. Finally, 
some error estimates for the midpoint formula are obtained. 






1. Introduction 

The following result is known in the literature as Ostrowski's inequality J12j 

Theorem 1. Let / : / C [0, oo] -^ M. be a differentiable mapping on 1° , the interior 
of the interval I , such that f ^ L [a, b] where a , b Cz I with a < b . If \f' {x)\ < M , 
then the following inequality holds: 



> 

(N 

O 

p 

in 

o 
o 



X 



(1.1) 



/(^) 



b — a 



f{u)du 



< M (b 



1 , (.T-^) 



{b-aY 



Recently, Ostrowski's inequality has been the subject of intensive research. In 
particular, many generalizations , improvements , and applications for the Os- 
trowski's inequality can be found in the literature ([l]-[3],[7]-[9],[12] and [14]) and 
the references therein. 

In [1 , Alomari and Darns obtained inequalities for differentiable convex map- 
pings which are connected with Ostrowski's inequality, and they used the following 
lemma to prove them. We have corrected by writting (a — b) instead of (6 — a) in 
the right side of this lemma. 

Lemma 1. Let /:/cM— >IR6ea differentiable mapping on 1° where a,b G I 
with a < b. If f Cz L [a, b] , then the following equality holds: 

(1.2) fix) - ^ J f{u)du ={a-b) I p{t)f'{ta + (1 - t)b)dt 

for each i € [0,1], where 



P{t)^ 



t-1, 



Jo 

te 
te 



0, 



b—x 
b—a 



b—a ' 



for all X e [a, b] . 

2000 Mathematics Subject Classification. 26A5I, 26D10. 
Key words and phrases. Ostrowski's inequality , convex function, 
means, midpoint formula. 
*corresponding author. 

1 



-convex function, special 



ERHAN SET**, M. EMIN OZDEMIr", AND MEHMET ZEKI SARIKAYA* 



Definition 1. ^ ^ function f : [0,oo)— > M is said to be s— convex in the second 
sense if 

f{ax + (1 - a)y) < a' fix) + (1 - aYfiy) 
for all x,y Cz [0, oo), a € [0, 1] and for some fixed s e (0, 1]. This class of s- convex 
functions is usually denoted by K^. 

An s— convex function was introduced in Breckner's paper [4; and a number 
of properties and connections with s— convexity in the first sense are discussed in 
paper [5j. Of course, s— convexity means just convexity when s = 1. 

In [B], Dragomir and Fitzpatrick proved a variant of Hadamard's inequahty which 
holds for s— convex functions in the second sense: 

Theorem 2. Suppose that f : [0, oo) — > [0, cxd) is an s-convex function in the 
second sense, where s G (0,1), and let a,b ^ [0, oo), a < b. If f G L^([a, &]), then 
the following inequalities hold: 

b 



(1.3) 



^/(- 



±)<-l- 



f[x)dx < 



/(«) + fib) 



1 



The constant k = ^^^ is the best possible in the second inequality in (|1.3p . 
In 2 , Alomari et al. proved the following inequality of Ostrowski type for 
functions whose derivative in absolute value are s— convex in the second sense. 

Theorem 3. Let / : / C [0, oo) — > M &e a differentiate mapping on 1° such that 
f (z L [a, b], where a.b G I with a < b. If \f'\'' is s— convex in the second sense on 
[a, b] for some fixed s G (0, 1]. p, g > 1, — h - = 1 and |/'(a;)| < M , x G [a, b], then 
the following inequality holds: 



(1.4) 



/(•^) - 



1 



f{u)du 



< 



M 



(1+p)' 



^ ] [x-af + {b-x)'^ 



b — a 

for each a; G [a,b]. 

In jlOj . some inequalities of Hermite-Hadamard's type for differentiable convex 
mappings were presented as follows: 

Theorem 4. Let f : I d M ^>- M be a differentiable mapping on 1° , where a,b G I 
with a < b. If l/'l is convex on [a, 6], then the following inequality holds, 

l-b 



(1.5) 



f{x)dx - f 



< 



(b-a) 



\na)\ + \f'ib)\ 



Theorem 5. Let /:/cM— >M6ea differentiable mapping on 1° , where a,b G 1° 
with a < b, and let p > 1. If the mapping \f'\^ is convex on [a, 6], then we 

have 

l-b 



(1.6) 



1 



< 



f{x)dx - / 
4 



b — a 

jb-a) 

16 \p+l 

(3|/'(a)r/(^-^) 



|/'(a)r/^^"'^+3|/'(5)r/(P-') 



(p-i)/p 
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Theorem 6. Let /:/cM— >]R6ea differentiable mapping on 1° , where a, 6 G /° 
with a < b, and let p > 1. If the mapping \f'f is convex on [a,b], then we 

have 



(1.7) 



1 



b — a 



f{x)dx - f 



< 



(b-a) 



j^) (!/'(«)! + I/'WI). 



The main purpose of this paper is to estabhsh new Ostrowski's type inequalities 
for the class of functions whose derivatives in absolute value at certain powers are 
s— convex in the second sense. Also, using these results we note some consequent 
applications to special means and to estimates of the error term in the midpoint 
formula. 



2. Main Results 

The next theorem gives a new result of the Ostrowski's inequality for s-convex 
functions: 

Theorem 7. Let / : / C [0, oo) — > K &e a differentiable mapping on 1° such that 
f (z L [a, b], where a, 6 G / with a < b. If |/'| is s— convex on [a, b], for some fixed 
s G (0, 1], then the following inequality holds: 



/(^)- 



1 



< 



b — a 
b — a 



f{u)du 



(.s + l)(s + 2) 



2(s + l) 



2(s + l) 



b — X 
b — a 



X — a 



s+2 



s+2 



(s + 2) 



is + 2) 



b — X 
b — a 



s+l 



+ 1 



^b — a J \ b — a 

for each x G [a, b] . 
Proof. By Lemma [T] and since |/'| is s— convex on [a, 6], then we have 

l-b 



\f'm 



/(^) 



1 



f{u)du 



b — a _ 

< (b-a) f"'" t\f' {ta+{l-t)b)\dt 
Jo 

+ (6 -a) / \t-l\\f'{ta+{l-t)b)\dt 



< (b-a) tit^\ria)\ + {l-tr\f'ib)\)dt 

Jo 

+ ib~a) C {l-t){t^\f'{a)\ + {l^tr\f'{b)\)dt 
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f b—x b—x 

= {b-a)\\f'{a)\ ["^t^+'dt+\f'{b)\ r~^ t{l-trdt 



+ |/'(a)| / (t^ - f+') dt + |/'(6)| / (1 - tr+' dt 



(s + l)(s + 2) 



2(s + l) 



b ~ X 
b — a 



s+2 



-(. + 2) 



b — X 
b — a 



s+l 



s+2 



(s + 2) 



b — X ( X — a 



where we use the facts that 



b — a \ b — 



1 fb 



l/'(6)l 



s + 2 \b — a 



s+2 



l/'(a)l 



t{i-tY dt 



1 / X — a 



s + 2 V 6 - a 



s+2 



1 IX — a 



1 



(s + l) \b-aj (s + l) (s + 2) 



t' ~t'+')dt 



1 



1 rb^xV+' 1 fb-x-'+' 



(s + l) (s + 2) s + l V^-a 



2 V fo 



1 1 / \ "+2 

(l-i)+ dt 



s + 2 V fe - a 



which completes the proof. 



D 



Corollary 1. In Theoremni if we choose x = ^^, then we have the following 
midpoint inequality: 



(2.1) 



/(^) ' 



< 



1 ' b-a 
b~a f. 1 



f{u)du 



Remark 1. In Corollaryl^ if s = I, then we have 



/(- 



,a + b. 1 



2 ' 5- 



f{u)du 



< 



{b-a) 



!/'(«)! + !/'(&)! 



which is hl.5\) . 



Theorem 8. Lei / : / C [0, oo) — )• R &e a differentiate mapping on 1° such that 
f ^ L [o, b], where a,b E I with a < b. If \f'\'' is s— convex on [a, b], for some fixed 
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s e (0, 1] and p > 1, then the following inequality holds: 



< {b-a) 



1 



b — a 
1 



f{u)du 
1 



(p+l)" {s + l}" 



b — X 
b — a 



b — X 
b — a 



+ 



b — a 



b — X 
b — a 






s+l 



b — a 



b — a 



i/'wr 



'/h\\i 



\rm 



for each x G [a, b], where ^ + ^ — 1. 

Proof. Suppose that p > 1. From Lemma [T] and using the Holder inequahty, we 
have 



(2.2) 



/(^) 



b ~ a 



f{u)du 



< {b~a) t\f'{ta+{l-t)b)\dt 



+ ib-a) / \t-l\\f'{ta+{l-t)b)\dt 
< {b-a)l ["^'^ tPdt\ I f""^ \f'{ta+{l-t)b)\Ut] 

+ {b-a){ f {l~tfdt\ If \f'{ta+il-t)b)\''dt 



Usmg the s— convexity of |/'| , we obtain 



(2.3) 



\f'{ta+{l-t)b)\''dt 



< I [t'\na)\-^ + ii-tr\fib)\'\dt 

'0 



b — X 
s + l 1 \ b — a 



'/'„M9 



l/'(a)l 



b — a 



nuw'i 



l/'(6)l 
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and 

(2.4) 



\f'{ta+{l-t)b)\'^dt 

< i' [t^i/'(«)r+(i-tn/'(6)nd< 

s+l' 



1 



s + l 



1- 



b — X 
b — a 



ii„\\'i 



!/'(«)! 



b — a 



s+l 



i/'wr 



L 



{p+l)\b-a^ 



Further, we have 

(2.5) 
and 

(2.6) i.^^^^-^r^^=7rTT-^\j—^) 

A combination of ()2.3p - p.6p gives the required inequality p. 2 






Remark 2. In Theorem\^ if we choose x = ^^i— and s = 1, then we have 



< 



2 b — a 



(b-a) f 4 



D 



16 \p+l 
which is i [_?.6]) . 



f{u)du 
(|/'(a)r + 3 |/'(6)r)'/^ + (3 |/'(a)r + \f'{b)\''f' 



Theorem 9. Let / : / C [0, oo) -^ R be a differentiable mapping on 1° such that 
f £ L [a, b], where a,b G I with a < b. // |/'|' is s— convex on [a, b], for some fixed 
s e (0, 1] and p > 1, then the following inequality holds: 



/(^) 



1 



< 



b — a 

1 1 



f{u)di 



(6-a)(p+i)i 



J (,_). ^LfMT+m^y _,(_,). n/w + i/'(-)n ^ 



s + l 



s + l 



for each x € [a, b], where — \ — = 1. 
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Proof. Suppose that p > 1. From Lemma [T] and using the Holder mequahty, we 
have 



/W 



1 



h — a 



f{u)dt 



< (b-a) t\f{ta+{l-t)b)\dt 







+ {b~a) \t~l\\f{ta+{l-t)b)\dt 

< {b-a)i f'^'^ tPdt] if''"^\f'{ta+{l-t)b)\'^dt 



+ (6 -a) / {1-tfdt 



Since \f'\'' is s— convex, by (|1.3p we have 



[ ™ /„ 



1 \ '' / f^ 



\f'{ta+{l-t)b)\'^dt 



(2.7) 
and 



i/„„+,i-,)6)r.,<'-^^i^'<''i'+™i' 



b — a 



s + 1 



(2.8) r |/'(ta+(l-t)5)r.t<^-^^l^>)l' + l^'(^)l' 



b — a 



s + 1 



Therefore, 



/(2: 



1 



< 



6 — a 
1 1 



f{u)du 



{b-a) (p+i)f 



s + 1 



where ^ + ^ = 1. Also, we note that 



s + 1 



p+l \b-a 



P+i 



and 



This completes the proof. 



(1 - tf dt = 



1 / X — a 



p + 1 \b — a 



P+i 



D 



Remark 3. We choose \f'{x)\ < M, AI > in Theorem\^ then we recapture the 
inequality |J.^[). 
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Corollary 2. In Theorem\^ if we choose x = ^y^, th- 



en 



2 b- a .L 



< 



b-a 1 



ra+b\\1 j_ I frfh\\l\ 1 /|/'(a)|' + l/'C^-*-^)!"^' 



\nH^w + \f'ib)\' 



(p+i)" 



s + l 



s + 1 



Corollary 3. In Corollary [^ if we choose f'{a) = /' (^) = f'{b) and s = 1, 
then 



(2.9) 



/( 



a + b, 1 



b — a 



f{u)du 



< 



b-a f\fib)\ + \f'{a)\ 



(p+l)^ 



Remark 4. We note that the obtained midpoint inequality \2. 9]) is better than the 
inequality |_?.?| ). 

Theorem 10. Let / : / C [0, oo) — > M &e a differentiable mapping on 1° such that 
f E L [a, b], where a,b G I with a < b. If \f'\'' is s— convex on [a, b], for some fixed 
s G (0, 1] and p > 1, then the following inequality holds: 



fix) - / f(u)du 



b ~ a 



(2.10) 



< 



(p+1)^ 



b ~ a I \b — a I 



s + l 



for each x G [a, b], where ^ + ^ = 1. 

Proof. Suppose that p > 1. From Lemma [1] and using the Holder inequahty, we 
have 



(2.11) 



/(•^)- 



1 



f{u)du 



< {b-a)( l\p{t)fdty (^J^ \f'ita + {l-t)b)\Ut 



Since j/'j"^ is s— convex, we have 



(2.12) 



'\f'{ta+{l-t)b)\Ut < f\t^\f'{a)\'' + {l-tr\f'{b)\'')dt 
Jo 



s + l 



and 
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\p{t)fdt = / tPdt+ / {1-tfdt 



(2.13) 



1 



p+l 



b — X 
b — a 



P+i 



X — a\ 
b-aj 



P+i 



Using ((21^ and (|233)) in dUT]), we obtain (|2J0)) . 

Corollary 4. Under assumptation in Theorem \10\ with p = q = 2, we have 



D 



/(^)- 



1 



6- 



f(u)du 



< 



V3 



1 (a; 
4 



a+b 



,2n 2 



(&-a)2 



irwr + irwr 

s + l 



Corollary 5. /n Corollary [^ if we choose x — ^^^ and s — 1, then we have the 
following midpoint inequality: 



fC- 



b- 



f{u)du 



< 



(b^a) f\f{a)\' + \f{btY 



Remark 5. We choose |/'(2:)| < M, Af > and s = 1 in Corollary^ then 
recapture the following Ostrowski 's type inequality 



/(^)- 



6- 



f{u)du 



< 



M (6 - a) 
V3 



1 ^ {x-^^y 



{b-af 



Theorem 11. Let f : I <Z [0,cx)) — > M 6e a differentiable mapping on 1° such that 
f (z L [a, b], where a,b (£ I with a < b. If \f'\'^ is s~convex on [a, b], for some fixed 
s e (0, 1] and q > 1, then the following inequality holds: 



fix)- 



b — a 



< {b-a)[- 



f{u)du 



b — X 



1 I X — a 



s + 2 \b- a 
i-i 



b — a 

s+2 



2(1-1/9) 



1 /"b- 



X 



1 I X — a 



s + 2 \b- a 

s+l 



s+2 



i/'(«)r 



+ {b-a) 



s + l \b~ a 



2(1-1/9) 



1 



(s + l) (s + 2) 



l/'Wr 



b- 



1 /x — a 



1 fb~x 



\s+2 \5-a 
/or each x G [a, 6] 



s+2 



1 fb-x 



S + l V 6 - a 



s + 2 \b-a 

s + l 



s+2 



(s + l) (s + 2) 
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Proof. Suppose that q > 1. From Lemma [T] and using the well known power mean 
inequality, we have 



/(^) 



6- 



f{u)du 



< (b-a) t\f'{ta+il-t)b)\dt 



+ {b-a) / \t-l\\f{ta+{l-t)b)\dt 



< {b-a)\ f tdt\ if 



t\f'{ta+{l-t)b)\''dt 



h \'"/. 



+ (6 - a) 



(1 - t) dt 



J 



{I ~ t)\f' {ta + {I ^ t)b)\'' dt 



V 



Since |/'| is s— convex, we have 



t\J' {ta + {l-t)b)\'^dt 



< 



i[i^i/'(a)r+(i-iri/'(5)r]dt 



1 /"b 



s + 2 \b-a 



s+2 



i/'(«)r 



1 / X — a 



1 / X — a 



s+l 



s + 2 \b- a 
1 



s+2 



and 



< 



(s + l) V^- ay (s + l) (s + 2) 



{l-t)\f'{ta+{l-t)b)\'^dt 

il-t)[t^\fia)\'' + {l-tr\rib)\'^]dt 
1 



i/'(fe)r 



1 /b~x\'+' 1 /b-x^'+^^ 



(s + l) (s + 2) s + l \b-a 
s + 2 \b — a I 



s + 2 \b-a 



' t„\\i 



!/'(«)! 
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Therefore we have 



/(^)- 



b — a 



f{u)du 



< <-«)l^) N(^ 



1 fb- 



s + 2 \b- a 



s+2 



i/'(«)r 



1 I X — a 



s + 2 \b- a 



s+2 



1 I X — a 



s + 1 V ^ - a 



s+l 



[s + 1) (s + 2) 



\nht 



+ {b-a) 



1 \ 1-- ( / \ 2(1-1/9) 



1 I X — a 



2) \\b-a 

1 ( b — x\ 1 f b — X 



s + l V 6 — a 



s + 2 V6-a 



+ 



s+2 



1 



(s + 1) (s + 2) 






\ s + 2 \b- a^ 

which is required. D 

Corollary 6. In Theorem \ll[ if we choose x — ^i^ and s = 1, then we have 



/(- 



,a + 5, 1 



< 



2 ' b- a 
b-a fl 



f{u)dt 



(|/'(a)r + 3|/'(6)r)'+(3|/'(a)r + |/'(fe)| 



fit) 



3. Applications To Special Means 
Let < s < 1 and u,v,w ^ M. We define a function / : [0, 00) — > M 

u if t = 

vf +w if t> 0. 

If w > and < u; < u, then / e K^ (see [S]). Hence, for u = w = 0, w = 1, we 
have/:[0,l]->[0,l],/(i)=i^/eif^ 

As in |15j . we shall consider the means for arbitrary positive real numbers a,b, 
a ^ b. We take 

(1) The arithmetic mean: 



A^A{a,b) :-- 



a + b 



(2) The logarithmic mean; 

L = L{a, b) 

(3) The p— logarithmic mean: 



a if a — b 

wBt-a ^f a^b 
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Lp = Lp{a,b) 



foP+i^a^+i 



(p+l)(6-a) 



if a 7^ 6 



if a = b 



peR\{-l,0}. 



It is well known that Lp is monotonic nondecreasing over p G M with L_i := L 
and Lq := I. In particular, we have the following inequality 

L<A. 

Now, using the results of Section 2, we give some applications to special means of 
positive real numbers. 



Proposition 1. Let < a < b and s G (0, 1) . Then we have 
\A^a,b)~Ll{a,b)\ < {b - a) 



(s + l)(s + 2)V 2^+V L J 

Proof. The inequality follows from (j2.ip applied to the s— convex function in the 
second sense / : [0, 1] -^ [0, 1] , f{x) — x^ . The details are omitted. D 

Proposition 2. Let < a < 6 and s G (0, 1) . Then we have 
\A^ {a,b) - LliaM 



< s 



jb-a) ^_ 

4 (p+1) 



i/p 



^«(s-i) _|_ 5<?(s-i) 



1/9 



j«(s-l) -I- ^9(s-l) 



S+1 / V *+l 

Proof. The proof is similar to that of Proposition [H using Corollary [2] 

Proposition 3. Let < a < b and s G (0, 1) . Then we have 
\A^a,b)^Ll{a,b)\ 



1/9- 



D 



< s 



(b-a) (2\^ 



A 



(a«(^-i\3&«(^-i: 



i/g 



A 



(3a«(^-i), 



59(^ 



1/9 



Proof. The proof is similar to that of Proposition [U using Corollary [B] 



D 



4. The Midpoint Formula 

As in [11] and [l^, let d be a division a = xq < xi < ... < x„_i < a;„ = 6 of the 
interval [a, b] and consider the quadrature formula 



(4.1) 
where 



f{x)dx = T{f,d)+E{f,d) 



n-l 



T{f,d) = J2f 



Xi -T Xi-i^l 



(Xi+i ~ Xt) 



is the midpoint version and E(f, d) denotes the associated approximation error. 
In the following, we propose some new estimates for midpoint formula. 
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Proposition 4. Let f : I d [0,oo) — > R 6e a differ entiahle mapping on 1° such 
that f E L [a, b], where a,b E I with a < b. If |/'|'' is convex on [a, 6] and p > 1, 
then in ^■l\ l, for every division d of [a,b], the midpoint error satisfy 

_, n— 1 

\Eif,d)\ < J2 C^^+l - ^^f [\fi^^+l)\ + l/'(^OI] • 

4(p+l)^ t^o 

Proof. On applying Corollary [3] on the subinterval [xi, Xi+i] {i = 0, 1, ..., n — 1) of 
the division , we get 



[Xi+i ~ Xi) f 



Xi + Xi+l 



Xi + 1 



f{x)dx 



< 



(a:i+i - Xj) 

{p + iy/p 



\f'{x,+,)\ + \f'(x.)\ 



Summing over i from to 7i — 1 and taking into account that |/'| is convex, we 
obtain, by the triangle inequality, that 



f{x)dx~T{f,d) 



i=0 



n-1 



f{x)dx - f [ — ;:^-^ ) [Xi+l - Xi) 



- n— 1 



^^ ' 2 = 

which is completed the proof. 



D 



Proposition 5. Let f : I <Z [0,cx)) — > K &e a differ entiable mapping on 1° such 
that f G L [a, b], where a,b G I with a < b. // 1/'|'^ is convex on [a, b], then in |^. j[ j, 
for every division d of [a, &], the midpoint error satisfy 



1 



n-l 



\E{f,d)\ <-j=Y. (x.+i - x.f |/'(x.+i)|' + \nx,)t 



1/2 



Proof. The proof uses Corollary [S] and is similar to that of Proposition 01 
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Proposition 6. Let / : / C [0, oo) — > M 6e a differ entiable mapping on 1° such 
that f E L [a,b], where a,b G I with a < b. If |/'|'' is convex on [a,b] and q > 1, 
then in ^.1^, for every division d of [a,b], the midpoint error satisfy 



\E{f,d)\ 



< 



1 /I 



n-l 



8 U E (^^+1 - ^^)' (i/'(^')i' + 3 i/'(^m)r) ' + (3 i/'(xor + i/'(^m)n ' 



i=0 



Proof The proof uses Corollary [S] and is similar to that of Proposition |31 
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[13; 
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